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Abstract. For weak solutions u S VK m,1 (Sl; R ) of higher order systems of the type 

J (A(x,D m u),D m <p) dx = J ^\F\ p ^- 2 F,D m ip^ dx, for all <p e C™{n;R N ), m>l, 

with variable growth exponent p : Q — > (1, oo) we prove that if \F\P(-1 e L q loc {0.) with 1 < q < 
^5 + <5, then |_D m u|P(') £ L q oc {Q). We should note that we prove this implication both in the 
non— degenerate (fi > 0) and in the degenerate case (/i = 0). 



1. Introduction 

In this paper we are concerned with a regularity result for weak solutions of systems of higher 
order with p(x)— growth. 

Let n £ N>2, -/V £ N>i and SI C R" a bounded domain. We consider weak solutions of the system 

(1.1) / (A (x, D m u) , D m tp) dx = ( (\F{x)\ p{x) - 2 F{x),D m tp)dx, 

for tp £ W™' 1 (Q;R N ) with \D m tp\ p{ ' } £ Lj oc (Q), supp<^ <e SI. Here ^ denotes a vector field 

A : SI x m (R",R iV ) -> Hom(0 m (M",R A '),R), F : — » R Ar (' ,+ ™ _1 ), and p : SI ^ (1, oo) a 
measurable function. © TO (R™,R ) denotes the space of symmetric m- linear forms on R™ with 
values in M A . The coefficient .4 is supposed to have p(x) growth, i.e. for // £ [0. 1] there holds 

(D z A(x 1 z)X,X)^(^ + \z\ 2 ) Ei ^ 1 \X\ 2 . 

Additionally we assume that the coefficient A is continuous with respect to the first variable and 
that there exists a modolus of continuity for the exponent function p, which satisfies 

(1.2) hmc(p)log(i) =0. 

Solutions of systems of the type (jl.ip with p(x) growth can typically be shown to be an clement 
of the Sobolev space W^f^ '(f2;R n ). See Definition 12. II for an introduction to these spaces. 

There have been many investigations on properties of such generalized function spaces in the 
last years. See for example j^5], [T3], [TS], [TT], [T!|], and especially [H] and [55] f° r properties 
of the maximal function on generalized Lebesgue spaces. We note that the linear counterpart to 
this paper, namely the generalization of the classical Caldcron-Zygmund Theorem [5J to variable 
Lebesgue spaces has been done by Dicning an Ruzicka in [12] . 

We show in this paper that there exists 6 > such that if \F\ p( - ') £ L^ oc (Sl) with 1 < q < + 5, 
and u is a solution of system (jl.ip . then \D m u\ p ( £ Lf (fi). 

In the case of second order equations (N = 1, m = 1) and for second order systems with 
special structure, as for example the p(x) Laplace system, such a result is proved in [3], without any 
restriction on q. This is due to the fact that in this special situation one can prove a L°° estimate for 
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the derivative Dw of the solution w of a suitable frozen problem. In the case of general systems (for 
the second order case see [21]) this is not possible. Nevertheless one obtains higher differentiability 
in the sense that D m+1 w G L p with a suitable exponent p, depending on the exponent function p. 
This can be exploited to achieve the desired higher integrability in the sense of the above statement, 
with a restriction on the higher integrability exponent q. 

The strategy of the proof in this paper follows in a certain sense the ideas in [3j and [21] . The key 
to the proof is an application of a Calderon-Zygmund type estimate on level sets of the maximal 
function of \D m u\ p ('\ Therefore the solution will be compared to the solution w of a problem, which 
is 'frozen' in a point Xm and therefore has the structure of a problem with constant growth exponent 
P2- The solution w turns out to be higher diffcrentiablc, which translates via Sobolev-Poincare's 
inequality into higher integrability of \D m w\ P2 . By a suitable comparison estimate between D m u 
and D m w 7 this carries over to the solution w. 

One should note that we consider both the non degenerate (fj, ^ 0) and the degenerate (/i = 0) 
elliptic case in this paper. Therefore the a priori estimates for the solution of the frozen problem 
are shown more or less in detail, especially pointing out the differences between the non degenerate 
and the degenerate case. 

The author should mention that some parts of the proof (especially the comparison estimate) are 
widely similar to the proof in the second order case. Therefore at those points the estimates are 
shortened very much or cited from other papers. All of the statements are proved in a careful and 
extensive way in [16j . 



Acknowledgements. I would like to thank Prof. Dr. Giuseppe Mingionc for his helpful comments 
and many fruitful discussions about systems and functionals with p{x) growth. 



2. Notations and Setting 



We consider weak solutions of system (jl.lj) . Note that, using multi indices, (jl.ip reads as follows: 
f A l a {x,D m u)D a L Pl dx = [ J2 \F{x)\ p(x) - 2 F l a {x)D a ^dx 1 i=l,...,N. 

|a|— 7n \a\—7n 

Since the space m (R n ,R iV ) of symmetric ?7?,-linear mappings from M 71 to can be identified 
with the space R v m ) , we consider A as a mapping A : n x R*( n+ £ -> Hom(M JV (" + ™" 1 ),M). 
Additionally for the seek of brevity we introduce the abbreviation J\f = A(" + ™ _1 ). Thus we have 
D rn u(x) G R M . 

In the sequel we assume that the following structure conditions are satisfied: Concerning the 
vector field A we suppose the mapping z ^ A(-,z) to be of class C°(R M ) n C 1 ^) \ {0}) and to 
satisfy the following growth, cllipticity and continuity assumptions: 

(2.1) v (^ 2 + \z\ 2 ) |A| 2 < (D Z A (x, z) A, A) < L ( M 2 + |z| 2 )^ |A| 2 , 

(2.2) \A (x, z)-A (y, z)\ < Lu (\x ~ y\) [( M 2 + M 2 )^ + (/i 2 + k| 2 )^] |log + \z\ 2 ) \ , 

for all x, y G O, z, A G i^, z ^ where v^ 1 , L G [1, oo) , /i G [0, 1]. The parameter fi is introduced 
in order to consider both, the degenerate and the non degenerate case. We assume that the modulus 
of continuity u> : M + — ► R + is a non decreasing, concave and continuous function satisfying u>(0) = 0. 
For the function p : CI — > (1, oo) we assume that 

(2.3) 1< 7i < p{x) < 72 < +™, 
for all x G fi, as well as 

(2.4) |p(a:)-p(i/)I<w(|a;-|/|), 
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for all x,y Gfl, where u> is supposed to fulfill condition (|1.2p . 

Remark. By V2. 1\) we can assume that - eventually enlarging the constant L, reducing v respectively 
- there holds: 

(2.5) \A(x,z)\<L(^ + \z\ 2 f {x) - 1)/2 , 
and 

(2.6) v{[? + \z\ 2 ) p(x)/2 -L < (A{x,z),z) for all x€Cl,z€M. N '. 



Definition 2.1 (Generalized Lebesgue and Sobolev spaces). For a bounded domain fl C R n and a 
measurable function p : f2 — > (l,oo) we define the generalized Lebesgue space 

L p U(n-,R N ) = j/ G Z^fijR^) : J \\f{x)\ p{x) dx <oo for some A > j , 

which, endowed with the Luxembourg norm 

p(x) 



Lp< )(H;R«) = m f S A > 



A 



dx < 1 



becomes a Banach space. Furthermore the generalized Sobolev space is defined as 

W m ' p ^(a)= {/G£ p() (fi): D a f eL p U(fl) for all < \a\ < m} , 
and also becomes a Banach space if endowed with the norm 

||/||w™.P<>(n;R™) = 51 II^ ,Q /IIlp(-)(0;E™)- 
\a\<m 

See for example [28], [18], [9] and [13] for more details and further references on these spaces. ■ 

The main statement of this paper is the following 

Theorem 2.2. Let u G W m,p ('\Q; M. N ) be a weak solution of system under the growth, 

ellipticity and continuity assumptions 112.1]) and \2.2\) for the vector field A, condition II 2. Sty for 
the function p and the assumption \1.2ty for the modulus of continuity of p. Then there exists 
S = 5(n, m, 7i,72j L/i/) > such that if \F\ p ^ G L* oc (f2) for some exponent q, satisfying 

n 

(2.7) Kq< - + 5, 

n — 2 

then 

(2.8) \D m u\ p ^ G Ll c (Q). 

In particular there holds: If f2' <<= f2 and \F\ P ^ G L q (fi'), then for every given e G (0, q — 1) there 
exists a positive radius Rq > 0, depending on 

n,7V,m, 7l ,7 2 ,^,L,e,g,^(.),|||^ m M | p( - ) || L1(n) ,||| J F|^)|| Lg(n/) 
such that for any cube Qar <e f2' and R < Rq there holds 

-f \D m u\ p(x)q dx) < cK £ 4 \D m u\ p{x) dx + cK s (-[ \F\ P ^ dx + 1 

JQr J J QiR \JQiR 

where c= c (n, TV, m, 71 , 72 , v, L, q) and 

K:= f \D m u\ p{x) + \F\ p W 1+e Ux + 1. 

JQat, 
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Remarks on the notation. In the whole paper O C K™, (n > 2) denotes a bounded domain in the 
space R™ and Q (x, R) = Qr(x) a cube whose axes are parallel to the axes of the coordinate system, 
with center x and side length 2R. Sometimes R will also be called the 'radius' of the cube. The 
Lebesgue measure of a measurable set A is abbreviated by \A\ = C n (A). For a locally intcgrablc 
function u G Lj oc (Q,) we define the mean value on the cube Q by 

(u) R := I u{x) dx = 1 / u(s) dx. 

In the case the centre of the cube is obvious from the context, we will often just write Qr or Q 
instead of Q(xq,R), (u)r instead of (u) Xo .r respectively. 

The letter c denotes a constant which will not necessarily be the same at different places in the 
paper and which may sometimes change from line to line. Constants that will be referred to at 
other points of the work, will be signed in a unique way, mostly by different indices. In the case we 
want to emphasize the fact that a constant changes from one line to another, we will label this by 
mathematical accents, as for example c or c. For the survey we will not specify the dependencies of 
the constants in between the estimates, but of course at the end of them. 

For Q, C M n ,p > 1, let L p (fl; M. N ) be the well known Lebesgue space to the power p. For m G N 
we define the Sobolev space 

W m > p (fi; R*) := {u G L p (fi, R N ) : D a u G L p (fi) for < \a\ < m} , 

with the multi-index a = (ai, . . . , a n ) G N" and the abbreviations \a\ := ai + . . . + a n and 
D a u := D* 1 ... D^u. Furthermore let W m ' p (Q; R N ) denote the closure of C°°(fi; R N ) in the space 

w m ' p (n-R N ). 



3. A PRIORI ESTIMATES 



As we will see in the proof, the most important difficulty compared to the proof in the second 
order case (m = 1, see [3]) comes from the a priori estimate, which is different for higher order 
systems, since one can not obtain an L°°~ bound for the derivative D m u. The optimal result is the 
following 

Lemma 3.1. Let il C M™ be a bounded domain, p > 1 constant and w G W m ' p (fl;M. ) a weak 
solution of the system 



(3.1) / (A {D m w) , D m ip) dx = for all if e W^' p (Q;R N ) , 

Jo. 

in which the function A : M/^ — > Hom{M.^ , R) is of i/ie cZoss C 1 and satisfies the conditions 
v (M 2 + kl 2 )^ |A| 2 < (DA(z)X, A) < L (/i 2 + |,| 2 )^ |A| 2 , 
|^(z)|<i( M 2 + |z| 2 )^, 
for all z G M/^ . Then the following holds: 

In the case 1 < p < 2 we have w G W™^ ' p (jl;M. N ^j together with the estimate 



(3.3) 



QtR 



D m+1 w\ P dx<^ 
' R- 



Qr 



A t 2 + \D m w\ 2 



P/2 



dx. 



Additionally distinguishing the cases [i ^ and \i = ; we obtain furthermore 



(3.4) 
(3.5) 



/ 


D 


' QtR 





+ I^» W I 2 ) 



2\P/ 4 



i? 2 



(^ 2 + \D m w\ 2 ) P ' 2 dx 



Qn 



1 


D 


'QtR 





\D m w\^D m w 



dx < 



R 2 



\D m w\ p dx 



(/i = 0). 
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for any cube Qr (e VL and any r G (0, 1). 

In the case p > 2 we have Z)[( / u 2 + \D m w 
t G (0, 1) there holds 



D m w] G L 2 oc (Q) and for any cube Qr ; <s= f2 and any 



(3.6) 



/ 


D 


' QtR 





\D m w\ 2 ) 1 £> K 



dx < 



R 2 



\D m w\ 2 Y' 2 dx. 



Moreover the constants in the estimates above depend on n, N,m,p,T and L/v and c f oo as r | 1. 



Proof. We start by proceeding analoguously to the second order case. For /igl with < (1 — r)i? 
and x G Q t ,r we denote by 

Tg ^wix) := w (x + he s ) — w (x) 

the finite difference and by 

A s , h w := — - — , 
h 

the difference quotient in direction e s , where e s denotes the sth unit vector in R™. We consider the 
test function 

<p = A Si _ h ( V 2m A s , h (w - P)) , 

with a suitable polynomial P. Moreover for R > and < \h\ < R we denote by 

Qrji = {x G Qr : dist (x, dQ R ) > \h\} 

the inner parallel cube, whose sidelength is R — \h\. For w G W m ' p (Qr) we have A s ^t« G 
W m ' p (Qr^)- In the definition of <p we choose n G C£° (Q_r) to be a standard cut-off function 
with the properties 

< r] < 1, ?/ = 1 on Q t r, spt?y g Qy^. 

and 

with c(r) — > oo as r / 1 or t \ 0. By the chain rule we immediately get 

k 

(3.7) \D k (if m ) | < c(n, m, r)R- k ^ t] 2m - j < c(n, to, k, T)R~ k n 2m ~ k . 

3=1 

P : n —> R N denotes the unique polynomial of degree to — 1 whose coefficients are chosen to satisfy 

(3.8) (D k (w- P)) n =4 D k (w - P) dx = for k = 0, . . . , m - 1. 

^ \/tR 

Existence and uniqueness of such polynomials are well known and can be found for example in [14j . 
Testing (|3.1|) . using standard identities for difference quotients and the general chain rule, we obtain 
for < R{1 - v^F): 

0= / (A s . h A, V 2m D m (A s , h w)) dx 
JQ-^r 

+ I (A s , h A^(^D k (r, 2m )QD m - k {A s , h {w-P)))dx 

= /(l) + /(2). 

Now we distinguish the cases 1 < p < 2 and p > 2. We start with the case p > 2. We translate the 
growth and cllipticity conditions for A into conditions for A Sj /,. A Elementary calculations together 
with the differentiability of A show that 

(3.9) A s mA(x) = B h {x)D m A s , h w{x), 
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with 

f 1 



B h = B h {x) := / DA (D m w{x) + tD m T Sih w(x)) dt. 
Jo 

Using (|3.2p and the technical lemma [7721 (with exponent ^y 2 -) we obtain the following pointwise 
estimates for B^: 

(3.10) \B h \ < Cl (p)LW p ~ 2 , (B h X,X) > c 2 {p)vW p ' 2 |A| 2 , 

for A e R M , with Wl := p? + \D m w\ 2 + \r Sth D m w\ 2 . 

Now, I*- 1 -* ist estimated by (|3. lOf) ? from below as follows: 

> c 2 v [ v 2m Wr 2 \A s , h D m w\ 2 dx. 
From {HID and (|3Jj) we infer that 

rn „ m 

I (2) <cY, / \B h \\A s j l D m w\R~ k i 1 2m ~ k \A s , h D m - k {w-P)\ dx^c^/f, 
where c = c(n, m, r). (|3.10[h and Young's inequality lead to 
4 2) < c i Le I r] 2m WP- 2 \A s . h D m w\ 2 dx 

+ C -±L f R -2k v 2(m-k) w P-2 \ As hD m-k ^ _ p j|2 ^ 

4e io ^ 



(2) 

Summing up the estimates for Ij^ , subsequently choosing e = 2 c *Lm anc ^ taking into account that 
r) = 1 on <5ri? finally leads to 

VF£~ 2 |A s ^^ m w| 2 < c^i?" 2fc / Vl^ 2 |A s ^D'"- fc (w - P)\ 2 dx, 

■i-rR fc=1 JQs/TR 

where the constant c depends on n, m,p, r and L/v. Now we are going to estimate each of the terms 
appearing on the right hand side of ([33T|) . Writing FT 2k = R- 2 (p~ 2 )/p . R (2(i-k) P -4)/ P ^ we obtain 
by Young's inequality (with exponents p = > 1, q = |) for every k = 1, . . . , m 



iT 2fc / VK^ 2 |A s .^ m - fe (u> - P)| 2 

< P-li?- 2 / w£ dx + |i?p(!- fc )- 2 / |A s ,^ m - fc ( w -P)| P dx. 



Since w € VF m 'P (Q^), using standard estimates for difference quotients (note that \h\ < R(l — \/r)) 
and subsequently applying Poincare's inequality (k — 1) times (note the choice of the polynomial P 
in (|3.8|0 provides for any k = 1, . . . ,m: 

[ \A S}h D m ~ k {w - P)\ P dx< [ \D m ~ k+1 (w-P)\ P dx < cR {k - 1)p [ \D m w\ p dx, 

Jq^fr Jqr Jqr 

which finally leads to 

f W p ~ 2 \A sJl D m w\ 2 dx<cJ2\R- 2 f W p dx + R- 2 f \D m w\ p dx 

jQrR k=1 l JQ^TR JQR 

where the constant c depends only on n, N, m,p, r and L/v. Furthermore we easily sec 



/ W p dx < c{p) f U 2 + \D m w\ 2 Y /2 dx. 
JQvtr JQr V 1 
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Therefore we obtain for any s = 1, . . . , n and < \h\ < R(l — y/r) that 

(3.12) f Wl~ 2 \A sJl D m w\ 2 dx < cRT 2 f (l + |L> m u>| 2 ) P/2 dx. 

with c = c(n, N,m,p,T, L/v). In the case 1 < p < 2 we proceed in a different way. However we note 
that the arguments which lead to the bound from below for I^ 1 ' in the case p > 2 also work here. 
Using (|3.10p 9 we get 

> c 2 v [ r) 2m W v h - 2 \A s , h D m w\ 2 dx. 

To treat 1^ we use a different formula for A s _hA. We do the following formal calculation, which 
holds for functions w £ W m+1 - p . The result for w G W m,p can then be achieved by approximation. 
We write 

(3.13) [A s , h A(D m w)} ( x ) = \J q J t A ( Dmw ( x + the *)) dt = D s B h (x), 
with 

B h {x) = f A (D m w (x + the s )) dt. 
Jo 

By the growth condition (|3.2|) for A we find that 

\B h \<Lj^ ( M 2 + \D m u(x + the s )\ 2 ^j 2 =:L-Y h . 

For J( 2 ) we write 

m 

/( 2 >=c(m)£/f, 
k=i 

with 

/f = I (D s B h ,D k ( V 2m ) D m - k (A 3 , h (w - P))\ dx. 
Taking into account (|3.13|) and spt?y <s Q ^ R we obtain for J^, by partial integration 
lf ] = - I (B h , D s (D k ( V 2m )) D m - k (A sJl (w - P))) dx 

Q*/tR 

- f (B h , D k ( V 2m ) D s D m - k (A s . h (w - P))) dx. 
JQvtr X 1 

By (|3.7[) we obtain 

\D s D k ( v 2m ) \ < \D k+1 ( v 2m ) \ < c(n,m,k,T)R-( k +Vr) 2m -( k+1 \ 

and therefore 

l4 2) | < cR- {k+l) f F h?? 2m-(fe+l) \ D m-k As h ( w _ p)| dx 

+c.R- k f Y h 7] 2m - k \D m - k+1 A Sjh (w-P)\ dx, 
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with constants c = c(n,m,T). Combining the previous estimates we arrive at: 
c 2 v j W p - 2 r] 2m \A s ^D m wf dx <cJ2 R ~ ik+1) f Y hr] 2m ^ k+ ^ \D m - k A s , h (w- P)\ dx 

m ~ 

+ Rr k / Y h n 2m - k \D m - k+1 A sM , (w-P)\ dx 

k=l JQs/TR 

= cR- 1 [ Y m 2m ~ x \D m A s , h w\ dx 



lit n 

Y iT (fc+1) / y- fe7? 2m-(fc+l) \ D m-k A ^ h (w-p)\ dx 

k=l JQ-STR 
m 

7 (3) +E/ ( 4 ) 



k=l 



We first consider Applying Young's inequality we get 

i?- 1 ^ 2 ™- 1 \D m A s j lU \ = R^YnW^W^^^^A^w] 

< er, 2m W%- 2 \D m A s , h w\ 2 + ±-R- 2 v 2m ~ 2 W 2 - p Y 2 . 

By a suitable choice of e, we can absorb the first term on the left hand side of (|3.14[) . The second 
term can be estimated by Young's inequality (with exponents p = 53^1 <7 = 2(p-i) ) as f 0i l° ws: 



R- 2 W 2 - p Y 2 <R- 2 (^ Wl + M Y ) < c(p)R~ 2 (W* + Yt 1 ] 
To estimate /£ 4) we write R~( k +V = R 2 0--p)/p R{p(i-k)-2)/ P and obtain by Young's inequality 

4 4) = C iT (fe+1) f V 2m -^Y h \D m - k A Sth {w~P)\dx 
Jo ^„ 



< c £^ii?-2 f v 2 m -(k+l) Yf ^ dx 



+c i RP (l-k)-2 f ^m-Cfe+l) \ D m-k^ s h ^ w _ p ^P dx 
JQ^r 

< cR- 2 f Yff 1 dx + cR p{1 - k) - 2 f \D m - k A s . h {w-P)\ P dx. 
JO Jo 



'■•JTR 

Combining the previous estimates we arrive at 



/ Wr 2 V 2m \&s,hD m w\ 2 dx < cR~ 2 [ W p dx + cR~ 2 f y/ 1 dx 

Jqtr Jq^r Jq^r 

+cY J R p{1 ~ k) ~ 2 / \D m - k A s , h (w-P)\ P dx, 

1. 1 J Q r=n 



k=l J Qv^R 

with constants c = c(n, m, r, p, L/v). By Holder's inequality and Fubini's theorem we see 

/ Yjf* dx < f f U 2 + \D m w (x + the s )\ 2 Y /2 dtdx< f U 2 + \D m w{x)\ 2 ) P ' 2 dx. 
Jq^tr JQvtr Jo V 1 Jqr V ' 

As in the case p > 2 we deduce easily 

,P/2 



Qs/TI- 



W p dx<c{p) / ^ 2 + \D m w\ 2 ) 



dx. 
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Furthermore again by standard estimates for difference quotients we obtain 

J \D m - k A s , h (w-P)\ P dx<c(n,N) f \D m ~ k+1 (w - P)\ dx. 

J Q rrn J Q n 



Qs/TR JQr 

Inserting this above we find that (note that 77 = 1 on Q t r) 



W£- 2 \A s , h D m w\ 2 dx < cR- 2 (fi 2 + \D m w\ 2 ) dx 



h 

QtR JQr 



P/2 



+cY^R p(1 - k) - 2 / \D m - k+1 (w-P)\ P dx, 
k=i ^<3« 



with c = c(n, N,m,p,T, L/v). By the choice of the polynomial P (see p.8[) ) we can apply (k — 1) 
times Poincare's inequality to the integrals Jq r \D m ~ k+1 (w — P)\ p dx; actually we have that 

I \D m - k+1 (w-P)\ P dx<c(n,N)R {k - 1)p [ \D m w\ p dx, 
JQ^r JQ^r 

for all k = 2, . . . , to. Therefore we obtain 

/ W%~ 2 \A s>h D m w\ 2 dx < cR~ 2 [ U 2 + \D m w\ 2 ) P ' 2 dx + c^R- 2 f \D m w\ p dx 
JQtr JQr v 1 k=1 Jq^tr 

< cRT 2 f U 2 + \D m w\ 2 Y 2 dx, 

JQr. 

with c = c(n, N, to, t, p, L/v). Hence for any p > 1 there holds 



(3.14) 



/ Wf~ 2 \A s , h D m w\ 2 dx < cR- 2 f U 2 + \D m w\ 2 Y /2 dx, 

J QtR JQR V ' 



with a constant c = c(n,N,m,p,T,L/v). 

Now we distinguish the cases 1 < p < 2 and p > 2: 
The case 1 < p < 2: We set 2a := p (2 — p), obtaining by Young's inequality 



\A s . h D m w\ p = W£Wi a \A s<h D m w\ p < c( P ) (w p + W p - 2 \\s, h D m w\ 2 



and therefore 



p/2 



(3.15) / \A s , h D m w\ p dx < cR~ 2 U 2 + \D m w\ 2 )" dx. 

JQtr Jqr v ' 

By (|3.15[) . we see that the sequence A s ^D m w is uniformly bounded in LP (Q t r). Therefore 
A St hD m w converges as h — > strongly in L p oc (Q t r) to D s D m w, i.e. w g W"*J~ 1,P {Q t r) and (|3.3p 
holds. On the other hand, for /1 6 (0,1], a subsequence of A s ^D m w converges pointwise a.e. to 
D s D m w as h — ► 00. With the convergence 

T s ^ m W in ^ (Q t r) , 



,2 1 I nm n ,,|2 1 I j-\ rn „ , , 1 2 \ ^ /i / o i i T^m n ,.\^) ^ 



there holds 

W ft = + |£> m «;r + \T s>h D m w\<) ' + \D m w\ A j ' in L* (Q tR ) 

This implies the pointwise almost everywhere convergence of a subsequence of Wh to (/^ 2 
\D m w\ 2 y/ 2 . By Fatou's Lemma we now conclude with (|3.14[) : 

(fi 2 + \D m w\ 2 ) ^ \D s D m w\ 2 dx<^ f (m 2 + \D m w\ 2 ) p/2 dx. 
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Therefore we end up with 
(3.16) 



QrR 



V 2 + \D m w\ 2 ) \D m+1 w\ 2 dx<-^ I (n 2 + \D m w\ 2 ) p/2 dx. 



On the other hand, by differentiating, we have the estimate 



(3.17) 



D 



(/i 2 + \D m w\ 2 ) p/4 } 2 <c(ii 2 + \D m w\ 2 ) P -^ \D m+1 w\ 2 . 



Therefore we conclude 



/ 


D 


IQtR 





U 2 + \D m w 



2\P/ 4 



dx < 



R 2 



U 2 + \D m w\ 2 ) P ' 2 dx 



Qn 



which is exactly (|3.4[) . We use an elementary algebraic property of the function V^iz) := (/i 2 + 

1 |2^(p-2)/4 z 



z (see (|8.45|) on page f2U§ to obtain 

2 

.2 



Ts.h 



y + \D m w\ 2 ) 4 D m w 



(3.18) 



< c 



< c 



y 2 + \D m w(x)\ 2 + \D m w(x + he s )\- 



\D m w{x + he s )~D m w{x)Y 



M + \D m w\ z + \r s , h D m w\ 



T s , h D m w\ 



Combining this estimate for fi = with ()3.14|) . we end up with 



A Sih 



\D m w\-^D m w 



We see that the sequence A s ^{\D m w\ P 2 D m w] is uniformly bounded in L 2 (Q t r). By a standard 
lemma about difference quotients it converges as h — > oo strongly in L 2 oc (Qtr) to D s [\D m w\~~~2~ 
D m w}. The estimate above together with the convergence yield the desired estimate p. 51) . 

The case p > 2: We take (|3"TT5jl together with (j3~T4")l to conclude 



(3.19) 



f/r' + |L» m w| 2 ) 4 £> m w 



< ciT 



Ob 



(/i 2 + |£ m w| : 



p/2 



dr. 



By (|3.19p we see that the sequence 

A s ,h[(v 2 + |D ra («r)TD ra M)] is uniformly bounded in L 2 {Q tR ) 
and therefore the sequence converges as h — > strongly in L 2 oc (Q t b) to Z? s [(/i 2 + |Z? m w| 2 ) £ ^D m w]. 
The estimates above together with the convergence provide the desired estimate (|3.6p . □ 



4. An additional Gehring improvement 



Starting by Lemma 13-11 we can now achieve by standard techniques a further higher intcgrability 
exponent in the following sense: 

Lemma 4.1. Let w G W m ' p (tt; R N ) be a solution of the system (|3.1[) . which satisfies the structure 
conditions (|3.2j) . Then there exists 5 = 5(n, m,p, L/v) and a constant c = c(n, m,p, L, M) such that 
the following holds: 



In the case 1 < p < 2 and p ^ we have the estimate 

2(1+5) 



(4.1) 



/ 


D 







(fi 2 + \D m w\ 2 f/ 4 



dx < (j^ J {p 2 + \D m w\ 2 Y' 2 dx^j 



1+5 



In the case 1 < p < 2 and p = we obtain 

2(1+5) 



(4.2) 



/ 


D 


IQ-rR 





\D m w\*D m w 



dx < 



c 



\D m w\ p dx 
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In the case p > 2 there holds for any \i £ [0, 1] : 

2(1+5) 



(4.3) 



/ 


D 


'QtR 





(M 2 



D m w\ 2 ) — D m w 



dx<(jp I (fi 2 + \D m w\ 2 ) p ' 2 dx 



1+8 



Proof. Since such a result is more or less standard, we only show the main ideas of the proof 
here. Our aim is to show a reverse Holder inequality which translates via Gehring's lemma into 
the desired higher integrability result. Distinguishing both the cases p > 2 and p < 2 and fi ^ 0, 
fj, = 0, we proceed as follows: As in the proof of Lemma l37T| we test system (|3.1|> with the function 
<p = D(ri 2m D(w — P)) with a suitable cut off function 77 and a polynomial of degree m which we 
specify later. 

In the case p > 2, following the estimates in the proof of Lemma see (|3. 1 lj) . finally applying 
Young's inequality, we obtain 

[ (fi 2 + \D m w\ 2 ) E ^\D m+1 w\ 2 dx 

JQtR 

<c / (m 2 + \D m w\ 2 ) p/2 dx + Y, / R- kp \D m+1 - k (w- P)\ p dx 

Having in mind (|3.18p . the left hand side is estimated from below by 

2 



/ 


D 


'QtR 





l-D" 1 ™! 2 )^ D m w 



dx. 



Choosing the coefficients of the polynomial P in such a way that 

/ D j (w -P)dx = 0, for j = Q,. 
Jq ^„ 



, m — 1 



we can use Poincare's inequality and elementary algebraic calculations to estimate the second term 
of the right hand side from above by 



cFC 



(p 2 + \D m (w - P)\ 2 )^ \D m (w - P)\ 2 dx. 



Now choosing the highest order coefficients of the polynomial P such that 



(/i 2 + \D m (w - P)\ 2 )^\D m (w - P)\ 2 dx 



VtR 



Qvt-f 



(m 2 



D m w\ 2 ) — D m w 



((fx 2 + \D m w\ 2 ) E ^D m w^j 



Q^TR 



dx, 



we can apply Sobolcv-Poincare's inequality to conclude a reverse Holder inequality of the type 



/ 


D 


'QtR 





< c 



(p 2 + \D m w\ 2 ) — D m w dx 

{p 2 + \D m w\ 2 ) E ^)D m w 



[(/ 


D 


\ J QV7R 





dx 



R~ 



{n 2 + \D m w \ 2 y' 2 dx 



VtR 



Gehring's Lemma now provides the desired higher integrability. Combining this result with the 
estimates in Lemma (|3.1[) . we end up with (|4.3|) . 



Remark. Here we also need higher integrability of \D m w\ p , which is standard to prove. See for 
example |15j for higher integrability results of this type. 
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Iii the case 1 < p < 2 and (i ^ 0, we finally obtain, using the same test function as above (see 
(13.14|) ) with a polynomial P of degree m — 1 and taking into consideration p. 171) 



/ 


D 


' QtR 





(H 2 + \D m w\ 2 ) p/4 



< 



R 2 



dx 



_ Q-J^R 



\D m w\ 



| 2 ) p/4 - (V + \D m w\ 2 ) p ' A 
f {n 2 + \D m w\ 2 ) p/2 dx 

Jq 



1^/rR 



dx 



'■■JTR 



We now apply Sobolev-Poincare's inequality, obtaining a reverse Holder inequality of which allows 
us to apply Sobolev-Poincare's inequality, obtaining a reverse Holder inequality of the type 



D 



dx 



(fi 2 + \D m w\ 2 ) p/i 

{li 2 + \D m w\ 2 ) p/4 



< c 


(/ 


D 









dx 



R~ 



(M 2 + \D m w\ 2 ) p/2 dx 



Again applying Gehrings Lemma and combining the result with the estimate of Lemma 13.11 and a 
priori higher integrability for |_D m u;| p , provides the desired estimate (|4.1|) . In the case /i = we 
have by (pH]) and (j3~T8l) 

2 



D 



\D m w\^D m w 



dx 



< 



R 2 



V^FR 



D m w\ t ^D m w 



(\D m w\ IL ^D m w 



l^FFR 



dx 



\D m w\ p dx 



sJTR 



Sobolev-Poincare's inequality now provides 

2 

dx 



1 


D 


' QtR 





\D m w\ !L ^D m w 



< c 





D 


\JQtR 





\D m wf^ L D m w 



dx 



R- 



\D m w\ p dx 



•JTR 



Again Gehrings Lemma and finally the estimates of Lemma l3~T1 lead to the desired estimate (|4.2p . □ 

5. Calderon-Zygmund coverings 

We consider a cube Qo C R" and define by T>(Qq) the set of all dyadic subcubes Q of Qo, i.e. 
those cubes with sides parallel to the sides of Qo that can be obtained from Qo by a positive finite 
number of dyadic subdivisions. We call Q p a predecessor of Q, if Q is obtained from Q p by a finite 
number of dyadic subdivisions. In particular we call Q € D(Qq) the predecessor of Q, if Q is obtained 
from Q by exactly one dyadic subdivision from Q. 

The following lemma will play an essential role in the proof Theorem 12.21 The proof is done by 
Calderon-Zygmund coverings and can be found for example in [4] . 

Lemma 5.1. Let Qo C R™ be a cube. Moreover let X C Y C Qo be measurable sets satisfying the 
following: There exists S > such that 



(!) 



1*1 <*|Qo|, 



and 
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(ii) for any cube Q G £>(Qo) there holds 

\XnQ\ > S\Q\ =>QcY, 
in which Q denotes the predecessor of Q. 

Then there holds 

\X\<S\Y\. 

m 

6. Hardy Littlewood maximal function 

Wc will use properties of the Hardy Littlewood maximal function, which we will state here without 
proving them. For a more detailed discussion about maximal operators see |20j and [29] . 

Let Qo C K™ be a cube. For a function / el 1 (Qo) we define the restricted maximal function 
on Qo by 

(6.1) M* Qo {f){x) := sup -f\f(y)\dy, x G Qo, 

QQQo,x£QJQ 

where Q denotes an arbitrary subcube of Qo, riot necessarily centered in x G Qo- In an analogue 
way we define for s > 1 and / G L s (Qo) 

(6.2) Ml Qo (f)(x) := sup U \f(y)\ s dy] ' . 

QQQo.xeQ \Jq J 

We will need the following properties of the maximal function operator: 

Lemma 6.1. For Qo C M n and s > 1 let the maximal functions Mq q and M* q q be defined as 
above. Then the following estimates hold: 

(Ml) For f G L 1 (Qo) and for any a > there holds 

(6.3) \{x : Mq o (/) (x) > a}\ < ^ f \f(y)\ dy, 



Qo 



with a constant cw = cw(n), for example cw = 3" sufficies. 
(M2) For f G LP (Q ) , K p < oo we have M* (/) G i p and there holds 

(6-4) / \MX(f)(y)\ p dy<^- / \f(y)\ p dy. 



JQo P 1 •'Qo 

(M3) An inequality similar to the one in (M2) holds also for the maximal function M*q o , i.e. fo 
p > s we have: 

(6.5) / \Ml Qo (f)(y)\ p dy<^^-r [ \f(y)\ p dy. 



s(p - s) 



Qo 



A direct consequence of (Ml) is the following 
Corollary 6.2. Let f G L S (Q ) with s > 1. Then 

\{x:M* Qo (f)(x)>a}\<^ / 

with the constant cw of (Ml). 



Qo 
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7. Some technicalities 



The following technical lemmas will be used at several points in the proof of the main theorem. 
Since they are more or less standard we will only cite them. 

Lemma 7.1 (|10j. Lemma 2.2). Let p > 1. Then there exists a constant c, such that for every 
t 1 > 0, £, i] G M fe there holds 

(m 2 + \er /2 < <n 2 + \v\ 2 r /2 + ^ + \e + M 2 ) (p ~ 2)/2 ie - v\ 2 - 

u 

Lemma 7.2 (see [6]). Let a,b G and v > — 1. TTiera t/iere ea;is£ constants c(v), C(v) > 0, such 
that there holds 

c{v) (n + \a\ + \b\Y < f (n + \a + tb\f dt < C{v) (ji + \a\ + \b\) v . 
Jo 



8. Proof of the main theorem 



The proof of Theorem 12.21 is at many stages similar or identical to the proof in the case m = 1, 
which is done in [3] . Therefore some of the estimates will only be cited (for example the comparison 
estimate). We will especially point out the differences to the higher order case here. 

8.1. Choice of constants and radii (I). To proceed with the proof of Theorem 12.21 we initially 
fix some of the constants. The proof will take place on the cube Qar q <s fl- The radius Ro of this 
cube will be restricted at several points in the course of the proof. At first we choose the radius so 
small that 



(8.1) 

Furthermore we set 



uj (8nR ) < ^ 



-1, 

< uj(R) log (i) < L, for any < R < 8nR . 

\p(x) 



(8.2) K := / \D m u\ P{X > dx+1. 



.2. Higher integrability. We will show that the condition 



(8.3) limw(i?) log ( i < M < +oo, 

pIO \p ) 

on the modulus of continuity lj yields a certain higher integrability for \D m u\ p ('\ We note that 
condition (|8.3p is weaker than condition (|1.2p which is needed for proving the main theorem. Our 
result is the following 

Lemma 8.1 (Higher integrability of \D m u\ p( ' ] ). Let u G W™' 1 (Q;R N ) with \D m u\ p{ ' } G Lj oc (Q) 
be a weak solution of 1 1.1)) under the conditions (2.3)) , (8.3)) as well as 



(8.4) \A(x,z)\ <L(l + |z| 2 
and 

(8.5) v(n 2 + \z\ 2 ) p(X) ' 2 -L< (A(x,z),z) 
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for all x £ CI, z £ . Moreover let F £ L p ^ q (Cl; W^) for some q > 1. Then there exist constants 
c = c(n, N, to, 71, 72, 7/^, A Af) and c s = c g (n, iV, m, 71, 72, v, L, L) such that the following holds: If 
i?o is the radius from h8.1\) , Kq from (|8.2p , Q4r (e Cl, a > a constant with 



< cr < CT := min <( 3gw(8nflo) , 9 - 1, 1 
^0 



i/ien /or every cube Qr C Q4fl we /iGwe £/ia£ 



(8.6) 



i j^m^lPWa+a) j + < c f\ D m u \PW dx+ J /" | F |P(x)(l+ CT ) dT + 1 



Proof. Since the proof of this result is in many points similar to the proof in the case to = 1, we 
only show the main steps here. Let Qr £ Q4-R0 be a cube and 

(8.7) pi := inf {p(x) : x £ Q R } , p 2 := sup {p(x) : x £ Qr} . 

Then, P2 — pi < oj (2nR) and by the choice of Rq in (|8.1|) we have 



(8.8) = «LZ* + 1 < J?±l =: s. 

pi pi V n 

We test system by the function </?i = ^ m P 2 (u — P), where 77 £ (Q,r) denotes a standard 
cut-off function satisfying < rj < 1 and t; = 1 on Q_r/2 as well as \D k i]\ < for fc = 1, . . . , to and 
P : R™ — > K denotes the unique polynomial of degree to — 1 satisfying 

(8.9) (D k (u- P)) Qr = -I D k {u-P)dx = {) for fc = 0,...,m-l. 
It is easy to see that we have 

k 

(8.10) \D k {n mp2 )\ < C(n,m, l2 )R- k Y,V mp2 ~ 1 < C (n,m, fc, 72 ) ir*jj TOPa ~* ■ 

j=i 

Setting in the test function and using (|8.5p we obtain 
1/ / ?7 mp2 |D m u| p(:E) dx-L < [ {A (x, D m u) , D m i Pl ) dx 

Jqr Jqr 



I J2 (7) ( A ( x > Dm ^ ' ° k ^ mP2 ) Dm ~ k ( u - p )) rfa; 

Jq r fc=1 V*/ 



= /1 + J 2 , 

with the obvious labelling. Using (jl.ip . ii can be estimated by applying Young's inequality several 
times in a standard way (note that the constant in Young's inequality may depend on p(x); writing 
the constant down explicitely, one can easily see that it can be estimated by a constant depending 
only on 71 and 72) and using the fact that p{x) < p 2 on Qr to obtain 



(8.11) 



h < e I n mp2 \D m u\ p{x) dx 
Qr 

\F(x)\^dx + ±f ( lDm ~^l: Pr + l)dx 

k= l J Qn \ 



R kp 2 

where c = c (to, e, 71, 72). By (|8.4|) . ()8.10p and Young's inequality we estimate 

h<cLj2 f (l + l^r^" 1 ) V mp2 - k lDm ~ k t~ P)l dx, 
k=i 
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where c = c(n, m, 72). We rewrite the integral appearing on the right hand side as follows : 

\D m ~ k (u-P)\ 



Qr 



l + \D m u\ p{x) - 1 ]T 1 mp2 - kl - 



R k 



■ dx 



Qr 



R" 



_ r(*0 , /-(fe) 
— J 2,l ' J 2,2 • 

The second integral we treat as usual noting that 

i — k 



-*2,2 — 



\D m ~ k {u- P)\ P2 



Qr 



R kp 



Qr 



dx. 



Therefore it remains to get a bound for I^l- Since r\ < 1 we have r\ mp2 k < rj m ^ P2 ^ for k 
1, . . . , m, and hence by Young's inequality and ^7~y~i > we obtain that 

|£)m-fc( u _p)|P2 



j(fc) < 
J 2,l — fc 



1 dx. 



Combining the estimates for 1% f and 7^ we finally arrive at 
v [ r) mp2 \D m u\ p M dx < cLe [ 7 1 mp2 \D m u\ p{x) dx 



Qr 



Qr 



+cL 



\F{x)\ p(x) dx + J2 

Qr h=\ ° ^ R 



D m ~ k {u- P)Y 
R^ 



1 dx 



where the constant c depends only on n, m, 71, 72 and e. Now choosing as usual e = -^j- (note that 
we can also assume that e < 1 — I/72 by choosing c large enough) we can absorb the first integral 
on the right hand side. Dividing the resulting inequality by u/2 leads us to 



.12) 



\D m - k (u- P)\ P2 



1 dx, 



\D m u\ p{x) dx <c \F(x)\ p{x) dx + cJ2 

11 J Qr k—1 u ^ R 

where c depends only on n,m, 71,72 and L/v. Taking into account the properties (|8.9p of the 
polynomial P, using Poincare's inequality and taking the mean values on both sides, we arrive at: 



/ 

J Qr/2 



D m u\ p{x) dx < 



4 \F(x)\ p ^ 

Jqr 



dx 



Qr 



D m-1 ( u _ 



R 



1 dx. 



Taking into account the definition of P, i.e. (|8.9|) . we can apply Sobolcv-Poincare's inequality on 
the right hand side with exponents p = p2 and = ™ P2 ^ to obtain 



/ 

Jqr 



\D m - 1 {u-P) 



R 



dx < c SP (J \D m u\ dx^j 



Note that the constants in Poincare's and Sobolev-Poincare's inequalities can be replaced by con- 
stants that only depend on 72 instead of P2, thus csp = c(n,N, 72). Holder's inequality, applied 
with the exponents p = PlS Jj™~^\^ > 1 provides (note s 2 = 



j 

Jo 



\D m u\^ dx< [4 \D m u\ Pl / s dx 



Qr 



Pis(»+P2) 



Therefore we obtain 



I \D m u\ p(x) dx < c -[ \F(x)\ p[x) dx + cf-f \D m u\ p[x)/s dx + l 
JQr/2 Jqr \Jqr 
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Noting that ^=s + s(^-l) and ^ - 1< — ^— — ^ we get 

o Pi \Pl J Pi — Pi b 

-f \D m u\ p ^'~ s + 1 dx J 1 < c |Z? m u| p(:!:)/s ~da;) P1 (-/ |D m «|"W/s ^ 

VJQh / VQr / \JQb / 

where c = c(n, 71, 72). With ^- < 2 and i? < 1 we obtain for the first term on the right hand side 



\D m u\ p ^'~ s dx^j P1 < R -2nu(2nR) \D m U \ p( - x) dx + \Q R \j * . 

Noting that by the localization properties (|8.1[) we see that iJ-2nw(2nfi) < c ^ and taking into 
account the definition of K we conclude the following reverse Holder inequality (note also that 
K > 1 and pi > 7x) : 

(8.13) 4 \D m u\ p{x) dx < cK <T1 0> (-1 \D m u\ p W s dx) +c-( (\F(x)\ p{x} + l) dx, 
JQr/2 \Jqr J Jqr k 1 

where K > 1 is from (|8.2[) and c = c (n, TV, m, M, 71, 72, ^/^). This inequality holds for any cube 
Qr Q Qar and the appearing constants do not depend on the choice of the particular cube Qr. 
Gehring's Lemma in the version which is written in [5] with / = \D m u\ p<,x ^ s and ip = (|F| P< ' :!: ' 1 + l) 1 / 15 
under consideration of the restriction on a finally provides the assertion. □ 

8.3. Choice of constants and radii (II). First we observe that, since Kq > 1 (see the definition 
of Kq in (|8.2p ) , we have for any K > Kq : 

(8.14) a >mm{l,q-l,c g }K ti 
where Co is the constant from Lemma I5TT1 We set 

(8.15) K M := J (|Z> m u| p(s) + \F\ P ^« + 2) dx + 1, 
and 

c„ g — 1 I 

(8.16) a m :=mm< 2 , (T2 _ Tl) , — ^— , 1 f > 0, o- M :=c 9 + g. 

1 ^ 71 J 
Therefore i^M > -Ko- Furthermore for any 1 < K < K m we have 

(8.17) cr m < do < (Tjvf. 

We now choose the higher integrability exponent a in Lemma 18-11 such that 

(8.18) g ',= (7(7$ with < a < min {71 — 1,1/2}. 



Then by (|8.14|) we have for any j3 € 



72 71 

72-1 '71-I 



and K > K : 



(8.19) cr"' 3 < cB~PK p ti < c(n : N,m^i,-f 2 ,L/v,q)a- p K -n- 1 . 

By the choice of cr in (|8.18| and the structure of the constant <tq in Lemma 18.11 we have that 

(8.20) a<q -^r- 

Now we impose for a fixed choice of a a further restriction on the size of Rq by claiming 

, so1 v L fa D x 2gw (8ni? ) I . o-cr m 

(8.21) max ^ 2goj (8ni? ) , f < — — • 



71-I 
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Therefore R depends on n, N, m, 71, 72, L/v, q, \\ \D m u{-)\^ \\ L i (n) , \\ \F(-)\»U \\ L i m and a. 
immediately implies 

fa oo^ fo u \ ^ /o /q t> \ 2<?w(8ni?o)\ . aa m aa a 

(8.22) uj (8ni?o) < max < 2quj (8nit ) , : — f < — : — < —7- = ~r- 

71 ~ 1 J 4 4 4 



8.4. Calderon-Zygmund type estimate. The key to the proof of Theorem 12.21 is the following 
lemma, which is an application of Lemma 15.11 to special sets X and Y. 

Lemma 8.2. Let u G W m >Pv) (Q;~R N ^ be a weak solution of system II 1.1)) under the structure 
conditions 112. 1\) . h2.2\l . i2.3\) and il.2\) . Furthermore let A > 1, < a < 1 as in i8.18\) and B M > 1. 
Then there exists a constant A = A(n, N, m, 71, 72, L/v, L) > 2, independent of A, a, u, A, F, Bm and 
a radius 

Ri = i?i(n,iV,TO,7i,72,i/i/, L, <j,<7, B M ), 
such that the following holds: If Rq < R\ is so small that \8.1\) and H8.21\) hold, if Kq,o~o are the 
constants from h8.2\) . resp. Lemma \8.1\ if o := ggq as in (|8.18p . if 

P(x) , I F |P(a:)(l- 



(8.23) K := / \D m u\ p(x> + dx + 1, 

J QiR 

if Km cmd o~m o,re the constants from h8. 1 5\) . resp. H8.16\) . then for any 1 < B < Bm and $ > 
(Z? ™- 2 J there exists e > 0, independent of X, such that the following implication holds: 

If on some Q G D (Q.r ) we have 

Qn {x e Q Ro :M* QiRo (\D m u(-)\ p ^) (x) > ABK a \, 

M U,. QiRQ (\F(-)\ p{ - ] + l) (x) <eX }\>#\Q\, 
then for the predecessor Q of Q there holds 

(8.25) Q C [x G Q Ra : M* QiRa (\D m u(-)\ p ^) (x) > \} . 



.24) 



Proof. We will prove the statement by contradiction. The constants A, e as well as the radius R\ 
will be chosen at the end of the proof. Let us assume that (|8.24| holds, but (|8.25j) is false. Then 
there exists a point xq G Q, such that 

M* QiRo (\D m u{.)fU) (x ) < X, 

i.e. we have 

(8.26) 4 \D m u{x)\ p(x) dx < A, 

Jc 

for all cubes C C Q±r with xq G C. We define S := 2Q. Since the cube Q is obtained from the 
cube Qr by at least one dyadic subdivision, we have Q C Qr q and therefore S C Q2R - Therefore 
by the smallncss condition (|8.ip imposed on the radius Rq there holds 

(8.27) s := diam(2S') < 8nR , and therefore w(s) < a/4. 

In particular, since by xq G 2S the cube 2S C Q4.R0 is an admissible cube in the maximal function 
M Qir ' b y there holds 

(8.28) -f \D m u{x)\ p(x) dx < X. 
Additionally (|8.24p implies 

(8.29) \{xeQ: Mi + «,Q iRo (WOI* + l) (») < ^}| > 0, 



CALDERON-ZYGMUND ESTIMATES FOR HIGHER ORDER SYSTEMS WITH p(x) GROWTH 



1!) 



1 + <T 

< iX. 



so that there exists at least one point x £ Q, in which the maximal function M* +a g iR of |F(-)| p (') + l 
is small. Since Q C 2S C Qar, q , this implies 

(8.30) (J (\F\*W + l) 1+<T dxj" < EX, (J^ (\F\ p W + l) 1+ ° dx^j 

We now use the localization argument from before in order to estimate p(x) in a point x by constant 
exponents p\,p2- For this purpose we let 

(8.31) pi := p(x m ) = minp(x), p 2 ■= p(xm) = nmxp(x), xm, x m e 25. 

2S 2S 

Obviously the exponents p\ and p 2 depend on the local situation, especially on the cube Q £ D(Qr). 
Thus in the following estimates it will be necessary to take care of the dependencies of the occurring 
constants on p\ and p 2 , eventually replacing them by constants which only depend on the global 
bounds 71 and 72 for p. We first use the fact that 25 C Qar . obtaining by the restriction (|8.2ip 
on the radius Rq for any x £ 25 

P2 = {P2 ~Pl) +Pl < U (\XM ~ X m \) + Pi < w(fi) + Pi < P\ (1 + Oj(s)) 

<p{x)(l+Lu{s))<p{x)(l+Lu{s)+a/A)<p(x){l + a). 

By (|8.18|) we have a < 71 — 1. Recalling that a = ctcto and uo < 1 (see Lemma l8T|) and 71 < p\ we 
have a < pi — 1, which implies 

p 2 (1 + cr/4) < (px + lu(s)) (1 + a/4) =pi+ pia/4 + cu(s) (1 + a/4) 

< pi (1 + cr/4 + u(s)) < p{x) (1 + cr/4 + uj(s)) < p(x) (1 + a) . 

8.4.1. Higher integr •ability. First we note that the higher integrability from Lemma |8 . 1 1 together with 
(I8.30P leads to an upper bound for the integral £- s \D m u\ P2 dx. Since to prove this, we can follow 
line by line the estimates in [3l (59), p 132], we do not rewrite the estimates here. We obtain 

(8.34) u e W m ^ (S) , 
and 

(8.35) -f \D m u\ P2 dx < cK a/i X, f \D m u\ P2 dx < cK 1+a/ \ 
Js Js 

where the constants depend only on n, N, m, 7!, 72, M and L/v. 

8.4.2. The frozen system. We consider the Dirichlct problem 

(A{x M ,D m w) ,D m ip) dx = for all ip 6 W™' P2 (S; R N ) 

.36) 



w = u on dS 



Since the vector field A is frozen in the point xm, where the exponent p(xm) = P2 is constant, 
the structure conditions for the original vector field A(x, z) (see (|2.ip and the remark after (11.21) ) 
lead to the following structure conditions for the frozen vector field A(xm, z): 

(8.37) v + |z| 2 ) (p2 ~ 2)/2 |A| 2 < (D z A(x M ,z)X, X) < L ( M 2 + |z| 2 ) (p2 - 2)/2 |A| 2 , 

(8.38) \A(x M ,z)\ <L(^ + \z\ 2 ) {p2 - 1)/2 , 

for all x € S, z s R-^, where /1 £ [0.1]. It is easy to see that one can write these conditions also in 
the form 

(8.39) v (fi 2 + \ Zl \ 2 + \z 2 \ 2 ) iP2 ~ 2)/2 \z 2 - zi| 2 < (A (x M , z 2 ) - A (x M , z x ) , z 2 - zi) , 

(8.40) %\z\ P2 < (A (x M , z),z) + v ((L/v) P2 + 1) , 
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for all z, z\,zi £ . 

The Dirichlet problem (f8736|) admits a unique solution w £u + W™' P2 (S;R N ). 

Since the vector field A(xm, z) fulfills the hypothesis of Lemma l3.1l (with p. Qr replaced by P2, S), 
we can apply the lemma in combination with Lemma 14.11 to conclude that 



• in the case P2 > 2 we have the estimate 

/ \H (n m „A\ 2 drr \ 

R 2 



•41) / \DV^D m w)\ 2{1+d) dx<(^- \H^D m w)\ 2 dx 



for any [i £ [0, 1], 
• in the case 1 < P2 < 2, for /i £ (0,1] there holds 

(8.42) J \DH,(D m w)\ 2{1+S) dx<(jgj s \H,(D m w)\ 2 dx^j 
and for f( = 0we have 

(8.43) / \DV a (D m w)\ 2{1+ ~ S) dx<(^ f \H a (D m w)\ 2 dx 
J S \ J s 

with 6 = S(n, m, N, 71 , 72, L, v) > 0. Here we used the abbrevitations 

(8.44) V„(D m w) := (^ 2 + ^wf)^ D m w , H^{D m w) := [ji 2 + \D m w\ 2 ) P2/A . 



i+5 



i+5 



Note that the function : R k — > R k is quite common in the recent papers about regularity 
for systems and functionals. We will use here the following algebraic property of V^: For any 
/i £ [0, 1], z, rj £ R k there exists a constant c = c(n, 71, 72) such that 

(8.45) c- l \z - ?? |( M 2 + \z\ 2 + M 2 ) 2 ^ < \V,{z) - V^)\ < c \ z ~ V\(V 2 + M 2 + M 2 )^ ■ 
The proof of this property can be found for instance in [TJ 117) . 

8.4.3. Energy estimate. Now we want to show the following energy estimate: 

(8.46) 4 \D m w\ P2 dx < c(rf2,L/v) 4 (\D m u\ P2 + 1) dx. 

Js Js 

To prove (|8.46j) we test (|8.36j) with ip = u — w. <p is an admissible test function, since u, w £ W m ' P2 
and w - u £ W™' P2 (S;R N ). Using (IKIOI) we obtain 

u/2 [\D m w\P*dx < [ (A(x M7 D m w) 7 D m w) dx + v{{L/vf* + 1) 
Js Js 

(A(x M ,D m w), D m u) dx + viXLjvf 2 + 1) 

s 

< f \A(x Ml D m w)\\D m u\dx + is{(L/is) P2 + 1). 
Js 

The growth assumption (|8.38p gives by Young's inequality 

f \A(x M ,D m w)\\D m u\dx < if (1 + \D m w\ 2 )^ \D m u\dx 
Js Js 

< £ 2 P2 / 2 ~ 1 I \D m w\ P2 dx + e2 P2 / 2 - 1 +e 1 - p2 L P2 [ \D rn u\ P2 dx. 
Js Js 

Combining these estimates, the asserted estimate follows by choosing e = 2 1_P2 / 2 i//4. 
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8.4.4. Comparison estimate. The next step is to establish a comparison estimate between D m u and 
D m w. This turns out to be quite complicated, involving all the results from before, for example the 
energy estimate, higher intcgrability, the structure conditions of the frozen system, the localization 
and very fine estimates on the L log' 3 L scale. Nevertheless the argument and estimates are nearly 
the same as in the second order case and can be taken from [3l p 134ff]. Note that at this point 
the continuity assumption (|2.2[) comes into play. Although this condition differs from the condition 
in [3], the proof of the comparison estimate can be left unchanged. The reason for this is that 
we compare the original problem to a problem which is frozen in the point xm where the growth 
exponent is the maximal exponent p{xm) = p 2 . Therefore in the application of (|2.2p we pass over 
from the exponents p{x) and p(y) on the right hand side to this maximal value p 2 . Since this is 
the only point where the continuity condition comes into play, there is no problem in replacing the 
continuity condition in [3] by our assumption (|2.2p . 



Finally, one ends up with 

.47) / (/i 2 + \D m u\ 2 + \D m w\ 2 )^ \D m u - D m w\ 2 dx 

Js 



< ciw(s) log (^) K a X + c 2 uj{s)a" 1 K° X + c 3 e 2 ^ 1 K a X 1 

with constants c\ = ci(n, N, m, 71, 72, L/v, M), c 2 = 02(71, N, m, 71, 72, L/v, M, q) and C3 = 
c 3 (n, N, m, 71,72, L/v). 

8.4.5. Estimate of the maximal function on level sets. At this point of the proof we combine the 
a priori estimate for the solution of the frozen problem with the comparison estimate in order 
to estimate the super level sets of the maximal function of \D m u\ P2 . We use Sobolev-Poincare's 
inequality to translate the a priori higher differentiability of the solution of the frozen problem into 
higher intcgrability and therefore gain an exponent which we denote n* s (see (|8.50[0 . This exponent 
determines the decay of the super level sets of the maximal function on increasing levels (see (|8.67l) ) 
and finally provides the desired higher integrability result. 

We define the restricted maximal function to the cube §Q by 

M** := My 

whereas 

M* := Mr 



denotes the maximal function on Qm (see the statement of Lemma !8-2[) . 
For 1 < B < Bm we now estimate the measure of the set 

ix&Q : M**(\D m u\ P2 )(x) > ^f^, Af*(|i?(-)| p{0 + l)(x) < eX }, 
where A will be chosen later. First, by Lemma |7. II we have: 

\D m u\ P2 < (p 2 + \D m u\ 2 ) P2/2 
(8-48) < Cl ( M 2 + \D m w\ 2 ) P2 ' 2 + c 2 {p 2 + \D m u\ 2 + ^'"H 2 )^^"" - D m w\ 2 

= C\G\ + C 2 <?2, 

where Q x := {[i 2 + \D m w\ 2 ) p ^ 2 } Q 2 := (p? + \D m u\ 2 + {D^ 2 )^ \D m u - D m w\ 2 and constants 
C\ , c% = Ci , Cq, (n, 71 , 72 ) ■ Then there holds 



< 



M **(\D m u\ P2 )(x) > ^ipA, M*(|F(-)| P( ' ) + l)(x) < £A} 
{x G Q : M**(Qi)(x) > M*(|F(.)| p( - } + l)(x) < eX\ 

{xeQ: M**(G 2 )(x) > M*(\F(-)\^ + l)(x) < ix] 
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=:h + h- 

Estimate for I 2 : Using property (Ml) for the maximal function , the inclusion |Q = fS" C S and 
the comparison estimate (|8.47[) we obtain 

J-2 . 



ABK a X 



< AB C RaX (ciu{s) log (1) K°\ + c 2 uj{s)a- 1 K"\ + c 3 £^ K l 



log ^151 + ^(^151 + ^^-151, 

with constants ci = ci(n,N,m,'yi,j2,L/i/,M),,C2 = C2(n,N,m,ji,^/2,L/i',M,q) and £3 = 
c 3 (n, iV, m, 71,72, 

Estimate for Jx: Since is increasing in x, we can find (5 = d(n, m, 71, 72, > 0, such that 
(8.49) -^(1 + *)- + ^ 



n-2 v n — 2(1 + <5) 

We set 

ft ft 

(8.50) r:= -(1 + S)p 2 = n* s p 2 , with ^ = -{1 + 5), 

n — I n — I 

and distinguish the cases 1 < P2 < 2 and P2 > 2. 

The case P2 > 2: For 77 € we estimate with (|8 .45[) and Lemma \7. II as follows (note that this 
estimate holds for any p 2 > 1) 

( M 2 + \D™ W f) P2/2 < c (m 2 + M 2 Y 2/2 + c + \D m wf + \rf) ^ \D™w - 
< c\V,(D m w) V,( V )\ 2 + c(p 2 + \ V \ 2 ) P2/2 , 
with the definition of V fl {D m w) of (|ST44|) . Therefore by CorollarvlOlwe infer that (note also §8A9\i ) 



c(n,r lP2 )tf _/ 2 2 ^ 

~ (ABA'"A) n « Js. s 



c\S\ f ^±il ci^K^ + H 2 ) 2 ^ 



— • -'1,1 ' J l,2 ' 

with the obvious labelling of I^l and Wc now choose 77 such that 



.52) V lt (v) = 4 V^D m w) 



dx. 



Estimate for I^l : In the case p = wc have the identity 

(V (D m w)) is \ = \V (rj)\ = = \v\ P2/2 , 

and therefore together with the energy estimate (|8.46|1 and higher integrability (note that A > 1, 
K > 1) a straight forward estimate shows 



(ABK a \) n s \J S J ~ (AB) n 
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In the case /j, £ (0, 1] we estimate (note that p2 > 2): 



\v\ P2 < l^(J7)| 2 < / K(D m w)\ 2 dx < / (/j 2 + \D m w\ 2 ) v * 



^ dx, 



and therefore with Holder's inequality, the energy estimate (|8.46p and higher integrability (note that 
/x < 1) we easily deduce 



r(l) < 
J l,2 — 



{ABK a \y 



(l + -f^{n 2 + \D m w\ 2 ) P2/2 dx) 



, - j^L . I 4 (\D m u\ P2 + 1) i 



< 



(ABK a \) n ^ \J S 
c\S\ 



{AB) n 's 



Estimate for By the choice of r\ we can apply Sobolev-Poincare's inequality to obtain 

s 2 j 3 jDV tl {D m w)\ 2[1+ ~ S) dx\ . 

The apriori estimate (|8 .41 [) . taken together with the energy estimate (|8.46[) and again higher inte- 
grability now provides 

« * ttM^ ( 4 \M^)\ 2 dxX 1 < -M- 



(ABK°\) n 's V7s / ~ (AB) n r 

Taking all the estimates together we end up with 

I < C|51 

where c = c(n, AT, m, 71, 72, i/^, M). 

The case 1 < P2 < 2: For /i _ (0, 1] we first estimate by Corollary 16. 21 (again note (|8.49|) ): 



c(n, r, P2 )f f H{D m w) % dx 
~ (ABK*\) n s 1 1 Ja s M ' 



< c|S| 



iJ M (/? m W )-(^(^ m ^)3 



(ABlfA)™* 7| S i5 (AB# CT A) n * 



„-2(l + i) 



dx 



r(2) , r(2) 
i l.l ^1,2- 



with the definition for H ll (D m w) of (|8.44j) and the obvious labelling of l\ { and l\ 2 . 

/n\ _____ 

Estimate for _£ { : Applying Sobolev-Poincare's inequality, the a priori estimate (|8.42[) and finally 
the energy estimate (|8.46j) and higher integrability, we obtain 



(ABK°\) n s yjg" J ~ (AB) n 
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Estimate for -TJ; 2 : Here we use Holder's inequality, the energy estimate (|8.46[) and higher integra- 
bility to conclude 



, - C| ^L . ( 4 \D m u\ p * dx + 1 



< 



{ABK a \) n l 
c\S\ 



(AB) n /> 

In the case \i = we proceed as follows, again using (|8.51|) : 

\D m w\ P2 <c\V Q (D m w)~V (r ] )\ 2 + c\r ] \P\ 



Therefore we write by Corollary 16. 21 and again noting (|8.49l) : 
{ABK°\) n l J is 

< -^f |y (^)-yo(,)i^^ + c|5|l??l ^ 



A 

We choose 77 such that 



r(3) , r( 3 ) 
"r J l,2- 



Vo(v) = -f V (D m w)dx. 



Estimate for Ixl- Here we use Sobolev-Poincare's inequality, the apriori estimate (|8.43p and 
finally again the energy estimate (|8.46[) and higher integrability to conclude 



{ABK°\) n l 



< -n — L - L ^ i \H Q (D m w)Y dx 
~ {ABK a \) n s \Js 



s 

2 



< 



c\_S\ 
K 
c\S\ 



(ABY 



Estimate for I^l'- Since we have |?7| P2 / 2 = \(Vo(D m w))3 S \ 7 we can estimate ifl in a completely 
analogous way as in the case p 2 > 2 to obtain 

A3) < C \ S \ 
1,2 " (AB)"S ' 

Thus we have shown in any case (i.e. for any p 2 > 1 and for any /_i £ [0, 1]): 
(8-53) h < 

with £4 = £4(71, JV, m, 71, 72, L/v). Connecting this with the estimate valid for I2 we finally arrive 
at (eventually enlarging the constants by a factor c(n)) 

\{xeQ: M**(\D m u\ P2 ){x) > ^-K a X, Af*(|F(-)| p( ' ) + l){x) < e\}\ 



< 



- — w(s)log( i )+- — w(s)cr + -: — £ 72 + -T-; — r^r 
A_B w AB KJ AB (AB) n s 
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Now we come to the rather involved choice of the parameters. First we determine R\ 
R\{n, N, m, 71, 72, L/u, ui(-), a, A, Bm) small enough to have 

^-U)(s) log (-) < \ — r and ^cj(s)ct _1 < \—. r , 

for all s < 8ni?!. Then if R Q < R x satisfies dHUJ and (pOTj) , we have 

i?o^i? (n,iV,m,7 1 ,72^,Lj||^(OI P( - ) II^JIin)l P( -1 i ^^(-),SM). 
Next we choose e = e(n, N, m, 71, 72, ^, L, A, B) G (0, 1) such that 

(8.54) = —1 
Next we fix A by 

(8.55) A = max{(8c 4 ) n *,5" +1 } > 2, 
which yields 

Noting that 



C4 1 



(AB) n « ~ 85* 



1 1 

< 



0-D M 



-1 — a uni—1 ' 
for 1 < B < Bm we obtain for any R < R that 

\{x G Q : M**(|ir"< 2 )(ar) > 4fK CT A, M*(|F(-)| p( - } + l)(x) < eA}| < 



In particular for every •& satisfying d > — ^ there holds 

(8.56) |{.t g Q : M**{\D m u\ P2 )(x) > ^K a X, M*(\F(-)\ P ^ + l)(a?) < eA}| < §|Q|. 

We next want to turn this estimate for the maximal function with the fixed exponent pi into an 
estimate for the maximal function of \D m u\ p ('\ Since P2 > p(x) for any x G 2Q, we see that for any 
cube Q C |Q we have 

I \D m u\ p{x) dx<J \D m u\ P2 dx + 1. 
Jq Jq 

Hence, for x G Q there holds 

M**{\D m u\ p ^)(x) < M**{\D rn u\ P2 + l)(x). 
Since A, K,^,B > 1, we have in particular that ^-K° A > 1 and therefore 

M**(\D m u{-)\ p ^){x) > ABK a \ 

implies 

M**(\D m u\ P2 ){x) + ^-K a \ > M**(\D m u\ P2 + l)(x) > ABA" CT A = 2 • ^-K a \. 
From (|8.56p we therefore obtain 

(8.57) \{x G Q : M** (\D m u(-)\ p U)(x) > ABK a A, M* (|F(-)| p(,) + l)(a:) < eA}| < f |Q|. 

The last step in the proof consists in converting (|8.57|) into an estimate for the restricted maximal 
function M* = Mq 4R ■ This can be achieved by looking carefully at the cubes involved in the proof. 
Let £ be the sidelength of the cube Q. For an arbitrary point x G Q both x itself and the point xq 
chosen in (|8.26|) are contained in the cube Q which has sidelength 2£. 

Now if C C Qm a is a cube, containing x and having side length £' larger than £/2, there holds 
C'nQ^fl. Thus there exists a cube C" C Q4r , containing C and Q, and whose side length £" is 
bounded by 

£" < 2£ + £' < W. 
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Therefore, by (f8T26|) there holds 

*) dx < — 4 I n m n\P^ dx < ■ 

O 



f \D m u\ p{x Ux < 4 \D m u\ p ^ dx < 1§Ja 

Jc> 1^ I JC" 



while in the case I' < |, we have C" C |<5 and 



\D m u\ p{x) dx < M**(\D m u\ p U)(x). 
This implies that 

M*(\D m u\ p ^)(x) < m&x{M**(\D m u\P^)(x),5 n \'j for all xeQ. 
From the choice of A, i.e. we infer that ^if' 7 > > 5". 

|x G Q : M*(\D m u(-)\ p ^){x) > ABK^xj C {a; G Q : A/**(|L> m u(-)| p( ) )(a;) > ABifA}, 
and therefore 

\{x G g : Ar(|^ m u(-)| p( - ) )(x) > ABif CT A, ArdFG)^ + l)(x) < eA}| < §|Q|. 
This contradicts (|8.24p and completes the proof of Lemma 18.21 □ 



8.5. Proof of the main theorem. We now apply Lemma I8T2I in order to obtain the result of the 
main theorem. Since the procedure follows the one of [21 pp 141-146], we only sketch the main steps 
here, nevertheless explicitely pointing out the special choice of the constants and parameters. 

First we define 

fti(t) :=\{x& Q Ro : M*(\D m u(-)\^)(x) > t}\ , 

IMt(t) := \{x G Q Ro : M^m-)^ + !)(*) > *}| , 
with M* = M* QiRQ . For q G (1, ^) we set 

(8.58) B M := (2{AK a A f )?) -a+^Vs, = B M (n,q,S,K M ,a M )- 

By the restriction imposed on the range of q there holds n ( 1+g "Zg( ra _2) > nS+ r > > ® anc ^ therefore, 
since A > 2, AOu > 1, cr^/ > 0, we have Bm > 1- With this choice of Bm we set for 1 < K < Km 
and < a < <jm'- 

(8.59) B := (2(AA ff ) 9 )"(i+*) r '("-2) . 
Then 

1< B < B M , 

and moreover 

(8.60) B- n * +q 



Now, wc let 



2{AK")i ' 

61) A := „ W 4 \D m u\ p ^dx + l, 



where we have chosen 

(8.62) $-=B- n s. 

Here cw = Cw(n) denotes the constant from (|6.3[) . By (|6 ,3[) and the definition of Ao we obtain 

(8.63) Ml (A ) \D m u\ p ^ dx ■ \Q ARo \ < < f |Q« |. 
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Let A be the constant from Lemma [8721 Since A,B,K > 1 we have ABK a > 1 and therefore 

(8.64) Ml ((ABK°) h X ) < ||Qfl | for h e NU{0}. 
We now set 

(8.65) A := ABK a > 2. 

It can easily be checked that with h € NU {0} the assumptions of Lemma T8.2I are satisfied for the 
sets 

X := {x € Q fl , : M*(\D m u(-)\^)(x) > A h+1 \ , M? +a (\F(-)\^ + l)(x) < i(AB) h X } 

and 

Y := {x G Q fio : M'flZ^OI^X*) > 
which provides the estimate 

(8.66) Mi(^' l+1 Ao) < B-^Mi(^Ao) +M2(ei' l A ) 

Iterating this inequality and exploiting the definition of A and the specific choice of B we obtain for 
arbitrary J G N 

J J-i 

(8.67) Vi(A h+1 \ ) < /ix(Ao) + M2(£i ?; A )i ?; ]T i 9fe iT 



i=0 k=0 



Using the choice of B and the definition of A we infer that A qk B~ n s k = {{AK") q B q - n s) k = 2~ fe . 
Hence, the last sum on the right hand side above can be uniformly estimated from above by 

J-i 

y22. qk B n "s k < 2. 

fe=0 

Since the estimate holds for any JgN, we obtain, passing to the limit J — > oo: 

oo oo 

(8.68) ^i"Vi(^ fe Ao) <Mi(Ao) + 2i 9 ^i fc V2(A fc A £). 

fc=l fc=0 

This estimate can be transformed into an estimate for the maximal function. Applying the 
elementary identity 



/ g q dx= [ qX q ~ x \{xeQ: g{x) > X}\ dX, 
Jo Jo 



which holds for g <E L q (Q),g > 0, q > 1, to the maximal function of \D m u\ p ^'\ decomposing the 
inteval [0,oo) into intervals [0, Ao] and [^4™Ao, A n+1 Ao] and exploiting (|8.68p in combination with 
the monotonicity of Hi (t) and fj,2 (t) and finally using the L p estimate for the maximal function, we 
end up with the estimate 

(8.69) / \D m u\ p ^ q dx<\Q R AX q + 2{AX ) q ^{X ) + c{n)-^—-^-j \F\^ q + ldx. 

JQro 1 - 1 £ JQiRa 

By (f8T63j) . by the choice of d in (|832|) and ([8760^) we obtain 

2(iA )Vi(Ao) < (AX ) q B-"s\Q Ro \ (AK^Xl ^^ lQ^l = ^ \Qr \- 

Furthermore, recalling the definition of Ao in (|8.61[) and the choice of and taking into account 
(I8.59[) . as well as the dependencies of the constant A (recall also the definition of n* s in (|8.50p . we 
see that 

A = c{n)B< 4 (\D m u\ p{ ^ + l) dx = cif 4 (\D m u\ p{x) + l) dx, 



28 



J. HABERMANN 



with c = c(n, 71, 72, v, L, M). To treat the last term appearing on the right hand side of (|8.69|) we 
need to control A 2q /e q . Recalling the definitions of i, A and B from ([8T54]) . ([8T65]) and ([8T59]) we 
find that 

— 71 

A 2 l0 / A 1 \ Tl" 1 2<;<T(n-2) 2,^ 

= (ABK ) -f-r- = cA'"H + S)- 9 (»-2) + (n(l-H)-«(„-2)) hl -1) 

where c = c(n, 71, 72, -^/f, JWj g). Thus passing to the averages leeds to 
1/9 



(-[ \D m u\ p( - x)q dx] < cK °ti-2) I 
VQr J ^ 



QiR 

_|_ c ^r.(l + a)-<,(r,-2)+(n(l + 5)-,(n-2))( T1 -l)+ J<7 / |_f PW8 + 1 rfx 

\Jq*r J 

For given e > 0, we now want to reach the following smallncss conditions to be fulfilled: 

fS 7(\\ <m(l + 6)q 

(8J0) n(l + S)-q(n-2) ~ * 

and 

2(n — 2)aq e 271 erg E E 

( ' ^ n(l + 6) - q(n - 2) " 3' + <J) - g(n - 2))( 7 i - 1) " 3' °" " 3' 

These conditions hold for example, if 

, s79 , <- 6 • Ji Ml + *)-g("-2))( 7 i-l) n(l + 6)- g (rc-2) 

(8.72) o-<-minU, , 

9 L 97i n(l + d)q 

Since we have (choosing 6 small enough) ("(i+fl-gfo-2))(7i-i) < gfl+faM < n0±£) _ n + 2 < 3? 

and »d+-?)-g("-2) < 2 + j < 3 implies a < |. To reach this, we set 



e 

o" := mm 

9a M 



x ( n (l + 6)-g(n-2))( 11 -l) n(l + 6) - q(n - 2) \ 
q-fi n(l + 5)g J 



and finally 

(8.73) a = min {(i, 7 i — 1, |} . 

Thus a = a(n,q,yi,E,c g ,5) is fixed. With this choice, there holds (note that <7q < <jm and the 
estimates above): 

ea Q . f 1 (n(l + 3)-g(n-2))( 7l -l) n{\ + S) - g(n - 2) ) e 

a = crcro = mm <^ 1, , f < - < £. 

9<tm L g 7 i n(l + 0)9 J 3 

Then <r < e and e < g — 1 implies (note also that \QaRo | < 1 since 8ni?o < 1): 



K = 



(\D m u\ p{x) + I^I^X^)) dx + 1 < / (jL> m u| p ^ + d.T + 



Q4R J QaRq 



Remark on the dependencies of the constants: By the choice of d = a(e), also R\ = i?i(a) 
i?i(e) is fixed via Lemma I8~2l and then also i?o = Roi^) via Lemma I5T21 and (|8.21[) . 

Therefore for any cube Qr with R < Rq, Qar <s f2 there holds 

1/9 /■ / /• \ 1/9 



/ da:) "< ciT -/ \D m u\ p{ - x) + ldx + cK e (J \F\ p ^ q + 1 dx 

Jqr J J Qar \JQiR 

in which the constant depends on n, -/V, m, 71, 72, i/w and g, and with 

'|£)™ u |p(*) + |jr|p(»)(i+6rt dx + ! 
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2!) 



Therefore the statement \D m u\ p ^ € Lf oc (Q) follows by a covering argument. QED 
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